QCD sum rules for the nucleon are considered in complex q 2 plane with inclusion of the radiative corrections of the order α s . It is shown that the radiative corrections affect mainly the residue λ 2 of the nucleon pole. Their influence on the value of the nucleon mass is much smaller. Following the ideas of Ioffe and Zyablyuk we expand the analysis to complex values of q 2 . This provides a more stable solution. Varying the weights of the contributions of different dimensions by changing the value of the angle in the complex plane we find the value of the six-quark condensate which insures the best consistency of the right hand sides and left hand sides of the sum rules. The corresponding value of the six-quark condensate appears to be only about 10% smaller then the one, provided by the factorization approximation. The role of the gluon condensate and its possible values are discussed.
Introduction
The QCD sum rules (SR) method invented by Shifman et al. [1] succeeded in expressing the static properties of the hadrons in vacuum in terms of the expectation values of QCD operators. The SR approach was employed by Ioffe et al. [2, 3] in the case of nucleons. The basic point is the dispersion relation for the polarization operator Π(q) = i d 4 xe i(qx) 0|T j(x)j(0)|0 (1) of the local operator j(x) carrying the quantum numbers of the nucleon. The dispersion relation is considered at large values of |q 2 |, while q 2 < 0, where it can be presented as a power series of q −2 (with the QCD condensates being the coefficients of the expansion). This presentation is known as the operator power expansion (OPE) [4] . At these values of q 2 the polarization operator can be presented also as a power series of the QCD coupling constant α s .
Several lowest order OPE terms have been obtained in [2, 3] . The leading contribution of the order q 4 ln q 2 comes from the free three-quark loop. The higher terms contain the expectation values 0|qq|0 , 0| α s π G a µν G a µν |0 , 0||0
etc., with q and G a µν standing for the quark operators and for the gluon field tensor. The analysis of [3] included also the most important radiative corrections, in which the coupling constant α s is enhanced by the "large logarithm" ln q 2 . The corrections (α s ln q 2 ) n have been included to all orders for the leading OPE terms [3, 5] . This approach provided good results for the nucleon mass [3] and for the other characteristics of nucleons [6] .
There are several traditional points of SR analysis. Following [3] one writes dispersion relations
(i = q, I) for the components of the polarization operator
with γ µ and I standing for the Dirac and unit matrices. The result of OPE on the left-hand side (LHS) of Eq. (2), is equalled to the hadronic contribution on the right hand side (RHS), which is approximated by the standard "pole+continuum" model. The spectral density Im Π i (k 2 ) is approximated by the standard "pole+continuum" model
Thus, the position of the lowest laying pole m, the residue λ 2 N , and the continuum threshold W 2 are the unknowns of the SR equations. The standard Borel transform is usually carried out.
However, inclusion of the lowest order radiative corrections beyond the logarithmic approximation made the situation somewhat more complicated. A numerically large coefficient of the lowest radiative correction to the leading OPE of the polarization operator (1) was obtained in [7] . A more consistent calculation [8] provided this coefficient to be about 6. Thus, the radiative correction increases this term by about 50% at |q 2 | ∼ 1 GeV 2 , which are actual for the SR analysis. This "uncomfortably large" correction is often claimed as the most weak point of the SR approach [9] .
The radiative corrections of the order α s ln q 2 and α s for the contributions up to q −2 have been calculated by Ovchinnikov et al. [10] . These results were used for the calculation of the parameters m, λ 2 and W 2 by finite energy sum rules method (FESR) [11] . Later the influence of the radiation corrections on the values of the nucleon mass was studied by Borel SR technique at fixed values of W 2 and λ 2 , taken from FESR calculations [12] . Recently the QCD SR with the radiative corrections included have been used for determination of the value of quark scalar condensate [13] . However, the analysis of the role of the radiative corrections performed totally in framework of the Borel transformed SR have not been done until now. This is done in the present paper. We investigate also the sensitivity of the nucleon characteristics to the variation of the values of the condensates of higher dimensions.
These two points are connected with each other. While the condensate 0|qq|0 of dimension d = 3 is known with good accuracy, there is no way to obtain the four-and six-quark condensates (d = 6, 9) from an experiment. The calculation of these expectation values requires some additional assumptions. As it stands, the only approach used in calculations is the factorization hypothesis, which suggests to include only the ground state in the sum 0|0 = n 0|qq|n n|qq|0 over the states |n with the vacuum quantum numbers. This provides 0||0 = ( 0|qq|0 ) 2 . However, the correction of the order α s ln(q 2 /µ 2 ) to this condensate differs from the sum of such corrections to the condensates 0|qq|0 [10] . Thus, the factorization hypothesis should be combined with the definition of the normalization point (scale) at which it is assumed to be true.
We study also the dependence of the nucleon parameters on the value of the gluon condensate 0| αs π G µν G µν |0 (d = 4). There are indications that this matrix element can be smaller [14] or larger [15] than the standard value obtained in [16] .
Analysis of the SR at complex values of q 2 = |q 2 |e iϕ was employed first by Ioffe and Zyablyuk [17] for investigation of hadronic τ -decay. Varying the value of angle ϕ in complex plane of q 2 one can change the weights of different OPE contributions. Some of the terms can be eliminated in such a way. By using this technique one can expect to obtain more reliable and stable results. The hadron parameters should not depend on ϕ. We apply this approach for the nucleon channel.
We recall the original form of QCD SR in Sect. 2. Corrections of the order α s are included in Sect. 3. The corresponding equations in complex q 2 plane and the analysis are presented in Sect. 4.
QCD sum rules at real values of q 2
For the specific calculations we use the "current" j, which enters Eq. (1) in the form [2] 
with u and d standing for the quark fields. C is the charge conjugation operator, while a, b, c are the color indices. The lowest OPE terms of the operators Π q (q 2 ) and Π I (q 2 ) introduced by Eq. (3) can be presented as
Here the lower indices show the dimensions of the condensates, contained in the corresponding terms, A 0 is the contribution of the free quark loop. The leading OPE terms A 0 , A 4 and B 3 contain divergent integrals. It is sufficient [2] to carry out regularization in the simplest way, i.e. just by introducing an ultraviolet cutoff C u . Direct calculation with all the radiative corrections being neglected provides [2] A 0 = − Q 4 64π 4 ln
α s π G 2 |0 ;
with the standard notation G 2 = G a µν G a µν , while Q 2 = −q 2 > 0. Also,
While the condensates of the lowest dimensions d = 3, 4, i.e. 0|qq|0 and 0| αs π G 2 |0 can be obtained from the Gell-Mann-Oakes-Reiner relation [18] and from the meson sum rules [16] , those of the higher dimensions are known with larger uncertainties. The sum rules for the baryon resonances provide [19] 0|qqq
There is no experimental data on the other condensates which enter Eqs. (7) and (8) . The standard approach is the factorization hypothesis
In the analysis, carried out in [3] , the most important radiative corrections of the order α s ln q 2 have been included. These contributions were summed to all orders of (α s ln q 2 ) n , being expressed in terms of the factor
with Λ ≈ 150 MeV is the QCD scale, while µ is the normalization point. It was assumed in [3] that the physical characteristics are normalized at µ = 500 MeV. The power 4/9 reflects the so-called anomalous dimension.
The next traditional point is the Borel transform
converting a function of q 2 into the function of M 2 . It removes the terms depending on C u in the expressions provided by Eq. (7) , and also makes the "pole+continuum" model more reliable, suppressing the contributions of the heavier states by the factor e −k 2 /M 2 . Actually, in order to deal with the values of the order of unity (in GeV units), it is convenient to use the operator B * = 32π 4B .
After these manipulations the Borel transformed SR are [3] 
with
Here, as well as in Eq. (6), the lower indices show the dimensions of the condensates. The terms on the RHS of Eqs. (13) arẽ
The conventional values of these condensates at µ = 0.5 GeV are a = 0.55 GeV 3 and b = 0.50 GeV 4 . The functions
account for the contribution of the continuum,
describe only the contributions of the nucleon pole with λ 2 = 32π 4 λ 2 N . The LHS of Eq. (12), being calculated as OPE series, becomes the better approximation, while the value of M 2 increases. On the other hand, "pole+continuum" model for the RHS becomes increasingly accurate for smaller values of M 2 . The interval
where both approximations are expected to be true was found in [3] . The values of the parameters m, λ 2 and W 2 have been obtained by minimization of the functional
in the interval (18), providing
Account of the anomalous dimensions is not very important. Putting L = 1 one can find m = 0.930 GeV , λ 2 = 1.79 GeV 6 , W 2 = 2.00 GeV 2 .
Note that straightforward using of this approach can provide misleading results. The solution of (19) corresponding to minimization appears to be unstable with respect to the values of the QCD condensates. Moreover, sometimes the functional (19) may have few different minima. This is illustrated by Fig.1 , where the solution corresponding to the second minimum is shown by the dashed line. For the values of b which do not exceed strongly the conventional value b = 0.50 GeV 4 the best χ 2 fitting is provided by the first solution shown by the solid line. However, for larger values of b the minimization procedure makes us to jump to the second solution with smaller value of the nucleon mass m = 0.6 GeV. Consider, for example, the SR with somewhat larger value of the gluon condensate. At b = 0.65 (which is 30% larger than the conventional value) minimization of f 1 (19) provides much smaller values m ≈ 0.6 GeV and W 2 = 1 GeV 2 -see Fig.1 . Such solution cannot be treated as a physical one because of the small value of W 2 . Indeed, the contribution of the continuum (treated approximately) exceeds the contribution of the pole, which is treated exactly. Thus the "pole+continuum" model for the RHS of the sum rules has no sense. Although the accuracy of the physical solution does not change much with b, it will not be noticed by χ 2 minimization procedure since unphysical solution is even more accurate -see Fig. 1 . The unphysical solution with small values of m and W 2 can be traced by successive inclusion of the condensates of higher dimension. Including only the condensates of dimensions d = 3, 4 we find a trivial solution m = 0, λ 2 = 0, W 2 = 0. Inclusion of the condensate with d = 6 still keeps m = 0,W 2 = 0, but λ 2 = 4 3 a 2 = 0.4 GeV 6 . Inclusion of the higher condensates provides small nonzero values of m and W 2 .
To avoid this situation we add analysis of the functions
Note that these functions depend also on the threshold value W 2 . For the solution of the SR equations (12) it should be
Note different meaning of the masses m 1,2 and m 3 . While m 1,2 determine the position of the lowest pole, which approximates the q 2 dependence of (3), the difference m 3 − m reflects rather the admixture of the negative parity state 1/2 − to the nucleon.
3 Corrections of the order α s at real values of q 2
Inclusion of the corrections of the order α s to the polarization operator modifies the expressions on the RHS of Eqs. (7), (8) to
obtained in [8, 10] (see Appendix A). The radiative corrections to the other terms are not included since the values of the corresponding condensates are known with poor accuracy. Strictly speaking this is true for the four-quark condensate as well, which is obtained in the factorization approximation only. However, we shall assume the latter hypothesis for the fourquark condensate, advocated recently in [20] . Note that the correction of the type α s ln(q 2 /µ 2 ) to the term B 3 vanishes due to the cancellation of the correction 4 9 αs π ln Q 2 µ 2 to the condensate 0|qq|0 and that coming from the free quark system. If the factorization approximation (9) would have been true for all values of µ 2 , we would find + 4 9 αs π ln Q 2 µ 2 for the last term in brackets of the formula for A 6 . One can see that the value of the coefficient is another one. Thus, the factorization assumption cannot be true for all values of µ 2 .
In Ref. [10] these formulas have been used for investigation of the nucleon parameters with the finite energy sum rules technique [11] . It was shown that inclusion of radiative correction leads to a noticeable reduction of the nucleon mass. Similar behavior was obtained in the analysis carried out in [12] in framework of the Borel transformed sum rules at fixed values of W 2 .
Using (24), we find for the corresponding contributions to the Borel transformed SR (see
x n n · n! .
Expression forB 3 coincides with that presented in [12] . Two other ones are more general than those of [12] , being true for any value of µ 2 , and accounting for the contribution of continuum in the main radiative correction to the term of the sixth dimension. Besides that some terms in the expression forÃ 0 differ from those in [12] . The numerical difference is, however, not very important.
One can see that the free loop termÃ 0 suffers the largest radiation corrections. If the threshold W 2 is large enough,Ã 0 provides the leading contribution to the structure L q . Hence, neglecting the influence of radiative corrections on the value of W 2 , one can see that the denominator of the function m 3 (M 2 ) (23) increases due to the radiative corrections. Thus, in agreement with [10, 12] , the latter diminish the value of nucleon mass. However, the present analysis which includes possible modification of all the parameters (m, λ 2 , W 2 ) by the radiative corrections, provides somewhat different result.
To carry out quantitative analysis, we need to clarify the argument of the running coupling constant α s (k 2 ) = 4π 9 ln(k 2 /Λ 2 )
. 
while for α s = α s (M 2 ) m = 0.94 GeV , λ 2 = 2.11 GeV 6 , W 2 = 2.00 GeV 2 .
In Fig. 2 we present the values of the parameters as the functions of α s . One can see that the radiative corrections affect mostly the value of the residue λ 2 . The consistency of the LHS and RHS of the SR is shown in Fig. 3a .
Note that in [13] the SR have been considered at fixed value W 2 = 2.5 GeV 2 , providing somewhat larger residue value λ 2 ≈ 3 GeV 2 . Assuming W 2 = 2.5 GeV 2 in Eqs. (12) , we would move to larger values λ 2 = 2.6GeV 2 in our solution. This is close to the result of [13] , although our procedures of inclusion of radiative corrections differ in several points.
We can look for the solution in which the discrepancy between the values of m i (M 2 ) defined by Eq. (22) is minimized. It can be obtained by minimization of the functional
while f 1 (M 2 ) is determined by (19) . For α s = 0 the procedure provides m = 0.93 GeV, 
Sum rules in the complex plane of Q 2
Now we consider the SR at complex values of
with the real values of S 2 > 0 and −π < ϕ < π. The Borel transform (11) will be carried out with respect to S 2 . It is reasonable to consider the SR for the real part of the operators Π i (q 2 ) (3).
Possible values of ϕ
Note first that our "pole+continuum" model makes sense only for cos ϕ > 0, i.e. − π 2 < ϕ < π 2 . This becomes clear while considering the Borel transform of contribution of the nucleon pole to the RHS of Eq. (2)
with θ = m 2 M 2 sin ϕ. Thus the contributions of heavier states are suppressed with respect to the lowest one only if cos ϕ > 0.
Also, the values of ϕ should not be too close to ±π/2. This is because the leading OPE term B 3 obtains the factor cos ϕ in the complex plane, while the higher term B 9 is multiplied by cos 2ϕ. Hence, the convergence of OPE series becomes worse at ϕ close to ±π/2. That's why we focus on the values
Analysis at negative values of ϕ will not provide new data, since all the functions involved are the even functions of ϕ.
Basic equations in the complex plane
Following the previous discussion, we must present the Borel transformed dispersion relations for the real parts of the operators Π q (q 2 ) and Π I (q 2 ). For the Borel transforms of the contributions (7) we find
;
The contributions A 0 , A 4 and B 3 contain the quark loops, thus requiring inclusion of the contribution of the continuum. The latter can be evaluated as continuum, which takes the form
with n = 0, 1, 2, and
The corresponding Borel transforms are thuŝ
Using these results, and including the radiative corrections (25) we can present the SR in the form
with W 2 c defined by Eq. (38), while the contributionsÃ i andB i are given by Eq. (25). The functions 
Dependence of hadron parameters on ϕ
Now we try to find the nucleon parameters by minimization of the functional
which is generalization of Eq. (19) for the complex plane of Q 2 . Since the M 2 interval of stability may vary with ϕ, we present the results for the two intervals, e.g. the one given by Eq. (18), and also
The results are shown in Fig.4 . One can see that the largest stability is obtained at ϕ ≤ π 4 . Also, the nucleon residue appears to be more sensitive to the value of ϕ, then the values of the nucleon mass and of the continuum threshold W 2 .
Dependence on the value of six-quark condensate
As we said earlier, the less reliable value of the condensates involved is that of the six-quark condensate 0||0 , which determines the contributionB 9 on the RHS of Eq. (42). While all the results obtained above are obtained in factorization approximation, now we put
with η 6q = 1 under the factorization assumption and check dependence of the parameters on ϕ at various values of η 6q . The results are presented in Fig.5 . One can see that the value of the nucleon mass m exhibits larger stability with respect to changes of ϕ and η 6q then the values of λ 2 and W 2 .
At ϕ = π 4 the contribution of the six-quark condensate vanishes, and the result is free from uncertainties in the value of η 6q . For ϕ = π 4 m = 0.95 GeV , λ 2 = 1.49 GeV 6 , W 2 = 1.57 GeV 2 .
(47)
Note that at ϕ = π/4 the contributionÃ 0 on the RHS of Eq. (41), corresponding to the freequark loop also turns to zero. This is not necessary a weak point, since the system of three free quarks contributes rather to continuum then to the lowest laying pole.
At ϕ = π/4 the consistency of LHS and RHS of Eqs.(39) is not very good. It becomes much better at smaller values of ϕ in the domain of stability in (M 2 , ϕ) plane.
Stability of solution in (M 2 , ϕ) plane
Now we shall look for the solution which provides the best consistency of the LHS and RHS of Eqs. (39) in certain domains of the values of M 2 and ϕ. In Table 1 we present result obtained by minimization of the functional (44). One can see that the consistency ("χ 2 per point") becomes much better if we limit the interval of the values of the angles to
The results obtained in the interval (45) are close to those found for the interval (18) . In this case "χ 2 per point" is somewhat smaller than in the latter one. However we consider the results obtained in traditional interval to be more reliable, since on the upper end of (45) the contribution of continuum is not suppressed stronger than that of the pole. Thus, the limits of stability of SR in (M 2 , ϕ) plane are given by Eqs. (18) and (48) Note that similar results can be obtained by minimization of the functional
with f m and f c 1 defined by Eqs. (30) and (44). These data are presented in Table 2 . The functions m i (M 2 ) are shown in Fig. 8 .
Values of the condensates of high dimension
Now we can try to use the SR for diminishing of the uncertainties of the values of the QCD condensates. We put
with b 0 = 0.50 GeV 4 , and try to determine the values of η 4q , η G , and η 6q (48) from the SR. Deviations of the parameters η 4q and η 6q from unity characterize the violation of factorization hypothesis. Using the closure one finds the limitation η 4q ≥ 1. Possible deviation of parameter η G from unity is due to uncertainties in the value of the gluon condensate. The termsÃ 4 ,Ã 6 andB 9 on the RHS of Eqs. (41) and (42) obtain the factors η G , η 4q and η 6q correspondingly.
Now we try to solve SR equations treating the hadron parameters m, λ 2 , W 2 and also the values η 4q , η 6q and η G as the unknowns.
Four-quark condensate
Here we put η 6q = η G = 1 and try to determine the value of η 4q . Note that considering the SR at real values of Q 2 (12) , and including the condensates up to d = 6 we find immediately that η 4q = 1. Indeed, the solution should provide L i (M 2 )e m 2 /M 2 ≈ const-see Eqs. (12) , (17) . While the functions M 2n E n (W 2 /M 2 )e m 2 /M 2 , with n = 0, 1, 2 corresponding to the termsÃ 0 ,Ã 4 and B 3 exhibit smooth dependence on M 2 (at reasonable values of W 2 ), the four-quark contributioñ A 6 = 4 3 a 2 η 4q e m 2 /M 2 does not. Thus, the smaller the value of η 4q is, the better consistency of the LHS and RHS can be obtained.
The same tendency persists in the SR in the complex plane (41) and (42). Technically this manifest itself in putting of the value of η 4q to its lowest limit by chi-square minimization procedure. Thus, assuming η 6q = η G = 1 we find the values of the hadron parameters (49) and η 4q = 1.
Six-quark condensate
Now we try to determine the value of η 6q , putting η 4q = η G = 1. Minimization of (44) provides m = 0.937 GeV , λ 2 = 1.97 GeV 6 , W 2 = 1.90 GeV 2 , η 6q = 0.90,
demonstrating small deviations of the value η 6q from the factorization hypothesis value η 6q = 1.
Gluon condensate
Now we fix η 4q = η 6q = 1 and look for the dependence of the solution on the value of the gluon condensate. The value of the nucleon mass appears to be rather sharp function of η G . For example, at η G = 2 we find m = 0.74 GeV.
Note that the functions m 3 (M 2 ) (22) is much more sensitive to the value of the gluon condensate than the "pole masses" m 1,2 (M 2 ). Variation of the parameter η G in the interval 0 ≤ η G ≤ 2 changes the values of m 1,2 by about 60 MeV, while m 3 changes by a factor 1/2.
Treating η G as an unknown parameter of the SR equations we find that minimization of (44) takes place at η G = 2.2 and at the underestimated value of the nucleon mass m ≈ 0.67 GeV. On the other hand, one needs η G ≈ 1 to obtain the value of the nucleon mass close to the observable one.
Summary
We carried out the analysis of QCD sum rules for nucleons including the lowest order radiative corrections. This is the first analysis performed totally in framework of SR approach. We show that the radiative corrections modify mainly the values of the nucleon residue, while that of the nucleon mass suffers minor changes.
Our analysis was carried out for the real values of q 2 and in the complex q 2 plane. We found the region of stability in (M 2 , ϕ) plane in the latter case. Our main result is expressed by Eq. (49), being illustrated by Fig. 8 .
We used the nucleon sum rules to clarify the values of the condensates of high dimension.
We showed that the sum rules require that deviations of the four-quark condensates from the factorization value are very small. Similar deviations of the six-quark condensates do not exceed 10%. As to the uncertainties of the gluon condensate, the values, which exceed the standard one by 30% provide the value of the nucleon mass m < 0.9 GeV. The greater values of the gluon condensate may cause problems in description of the nucleon. A more detailed analysis of the limitations on the gluon condensate value, coming from the nucleon sum rules will be published elsewhere.
Employing integration by parts three times, we obtain
with Ei(x) = V.p.
x −∞ dy e −y y = n=1
x n n · n! + γ E + ln x (B10)
being the integral exponential function [21] . Combining Eqs. (B6) and (B9), we come to Eq. (25) of the text. (18) and (45). Parameters m 0 , λ 2 0 and W 2 0 are the same as in Fig.1 . Fig.5 . Dependence of the hadron parameters m (Fig 5a. ), λ 2 (Fig 5b. ) and W 2 (Fig.5c.) on the value of ϕ for several values of η 6q . The latter are shown by the numbers on the lines. 
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